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Abstract. Let U(q) be a Sylow p-subgroup of the Chevalley groups Di(q) 
where q is a power of a prime p. We describe a construction of all complex 
irreducible characters of U (q) and obtain a classification of these irreducible 
characters via the root subgroups which are contained in the center of these 
characters. Furthermore, we show that the multiplicities of the degrees of 
these irreducible characters are given by polynomials in q — 1 with nonnegative 
coefficients. 



1. Introduction 

Let q be a power of a prime p and F g a field with q elements. The group U n (q) 
of all upper triangular n x n-matrices over ¥ q with all diagnonal entries equal to 1 
is a Sylow p-subgroup of GL„(F 9 ). It was conjectured by G. Higman [6] that the 
number of conjugacy classes of U n (q) is given by a polynomial in q with integer 
coefficients. 

Higman's conjecture was refined using the (complex) character theory of U n {q). 
I.M. Isaacs [8] showed that the degrees of the irreducible characters of U n (q) are 
of the form g e , < e < fi(n) where the upper bound n(n) is known explicitly. 
G. Lehrer [9] conjectured that the numbers N n ^ e (q) of irreducible characters oiU n (q) 
of degree q e are given by a polynomial in q with integer coefficients. I.M. Isaacs 
suggested a strengthened form of Lehrer's conjecture stating that N nte (q) is given 
by a polynomial in q— 1 with nonnegative integer coefficients. So, Isaac's conjecture 
implies Higman's and Lehrer's conjectures. 

It is natural to consider these questions in the context of finite groups of Lie type. 
Let G(q) be a Chevalley group defined over ¥ q and let U (q) be a maximal unipotent 
subgroup of G(q) such that U(q) is a Sylow p-subgroup of G(q). S. Goodwin and 
G. Rohrle [5] developed an algorithm for parametrizing the conjugacy classes of 
U (q) which is valid when p is good for the underlying root system. Using an 
implementation of this algorithm in the computer algebra system GAP [3], they 
determined the number of conjugacy classes of U(q) for all Chevalley groups G(q) 
of rank at most 6. As a consequence, they were able to show that this number is 
given by a polynomial in q. 

A promising approach to an understanding of the complex irreducible characters 
of U(q) is the general concept of supercharacters which was developed by P. Diaconis 
and I.M. Isaacs [2]. C. Andre and A.M. Neto defined and studied supercharacters 
of U(q) if G(q) if a classical group of type B n , C n or D n and p > 3. These super- 
characters are defined as products of so-called elementary characters. Under the 
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additional assumption p > 2n Andre and Neto were able to show that every irre- 
ducible character of U (q) is a constituent of a unique supercharacter. In particular, 
the supcrcharactcrs induce a partition on the set of irreducible characters of U (q) . 

In this article we study the irreducible characters of a maximal unipotent sub- 
group U(q), that is a Sylow p-subgroup, of the Chevalley groups G(q) of type -D4. 
We describe a construction of all irreducible characters of U (q) which also works 
for bad characteristic p = 2. Our main result Theorem 4.1 is a classification of the 
irreducible characters of U (q) via the root subgroups which are contained in the 
center of the irreducible characters. In this way we get a natural partition of the 
set of irreducible characters of U(q) into families. With each positive root we asso- 
ciate q — 1 distinct irreducible characters of U (q) which we call midafis. They are 
a fundamental tool in the proof of our classification result and in some sense they 
play a role similar to Andre's and Neto's elementary characters. We also obtain 
the degrees and for each degree the number of irreducible characters of U(q) of this 
degree. From this we can conclude that an analogue of Isaac's conjecture is true 
for U(q), even in bad characteristic p = 2. 

There are several differences between Andre's and Neto's methods and ours: 

• We do not make use of the natural matrix representation of the classical 
group of type D4. Instead we use Lie theory and the underlying root system 
whenever it is possible. 

• Our midafis are always irreducible characters while Andre's and Neto's 
elementary characters are not necessarily irreducible. 

• We can describe a construction of all irreducible characters of U(q). 

• Our methods also work in bad characteristic p = 2. 

There are two reasons why we consider the Chevalley groups of type D4. First, 
they are not too far away from the classical A„-case. And second, the maximal 
unipotent subgroups of the Chevalley groups of type D4 are isomorphic to factor 
groups of the maximal unipotent subgroups of the exceptional groups of type E§, 
Ej and E s . Therefore, we hope that this paper is a step towards the classification 
of the irreducible characters of the maximal unipotent subgroups of the "large" 
exceptional groups. 

This paper is organized as follows: In Section 2, we introduce the general setup 
and fix notation. In Section 3, we develop several tools which are essential for 
our construction of the irreducible characters of U (q): hook subgroups and midafis. 
Finally, in Section 4, we apply these tools to obtain a construction and classification 
of the irreducible characters of U(q). Also in this section we determine the degrees 
and numbers of the irreducible characters of U(g) and prove an analogue of Isaac's 
conjecture for U(q). 

2. Notation and Setup 

In this section, we introduce the setup and notation which will be used through- 
out this paper. 

2.1. Root system of type D4. Let $ be a root system of type D4 in some Eucli- 
dean space, with basis A = {ai, 0:2, 03, 04 } of simple roots such that ai, a.2, on are 
orthogonal to each other. The Dynkin diagram of $ is 
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The positive roots are those roots which can be written as linear combinations 
of the simple roots a±, «2, «3, «4 with nonnegative coefficients and we write 3>+ for 
the set of positive roots. We use the notation for the root ai + «2 + 2«3 + a.4 

and we use a similar notation for the remaining positive roots. The 12 positive 
roots of $ are given in Table 1. 

Table 1. Positive roots of the root system <I> of type D4. 



Height 


Roots 


5 


"12 := 


1 

12 1 








4 


an ■= 


1 

1 1 1 








3 


a 8 := 


1 

110 


a<) := 




111 


aio --oil 


2 


a 5 := 




110 


a 6 := 


1 

10 




a7 := 1 1 


1 


ai 




a 2 




03 «4 



The numbering ai, 0:2, ■ ■ ■ , «12 of these roots is in accordance with the output 
of the CHEVIE [4] command 

CoxeterGroupO'D" , 4); 

We say that a nonempty subset S C $ is closed if for all a, (3 G S we have a + /3 G 5 
or a + (3 $. We write ht(a) for the height of a positive root a. 

2.2. Chevalley groups of type D4. Let L be a simple complex Lie algebra with 
root system We choose a Chevalley basis {h r \r G A}U{e r |r G $} of L auch that 
the structure constants N rs in [e r ,e s ] = N rs e r + S are positive for all extraspecial 
pairs of roots (r, s) G $ x $, see [1, Section 4.2]. Fix a power q of some prime p 
and let G = G(q) = D±{q) be the Chevalley group of type D4 over the field F g 
constructed from L, see [1, Section 4.4]. The group 

G = D 4 (q) =Pn+(q) 

is simple and is generated by the root elements x a (t) for a G $ and t 6 F g . Let 
X a := (x a (t) 1 1 G F g ) be the root subgroup corresponding to a G $. For positive 
roots, we use the abbreviation xi(t) :— x ai {t), i = 1, 2, . . . , 12. The commutators 
[xi(t),Xj(u)} = Xi(t)~ 1 Xj(u)~ 1 Xi(t)xj (u) are given in Table 2. All [xi(t),Xj(uj] not 
listed in this table are equal to 1. 

Let U = U(q) be the subgroup of G = G(q) generated by the elements Xi(t) 
for i = 1,2,. ..,12 and i E F,. So U is a maximal unipotent subgroup and a 
Sylow p-subgroup of G. In this paper, we are interested in the complex irreducible 
characters of U. Note that each element of u G U can be written uniquely as 

u = xi{d\)x2{d2) ■ ■ ■ £12(^12) 
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Table 2. Commutator relations for type D4. 



[xi(t),x 3 (u) 
[xi{t),x 7 (u) 
[x 2 (i),x 3 (u) 
[x 2 (t),x 7 (u) 

[x 3 (t),X4,(u) 

[x 4 (t),x 5 (u) 
[x 4 (t),x$(u) 
[x 6 (t),x 9 {u) 



x 5 (tu), 

Xg(tu), 

x 6 (tu), 

x w (tu), 

x 7 (tu), 

Xg(-tu), 



xn(-tu), 
xi 2 {-tu), 



[xi(t),x 6 (u)] 

[xi{t),x w {u)} 

[x 2 (t),x 5 (u)} 

[x 2 {t),x 9 (u)} 

[x 3 (t),xn{u)] 

[x 4 (t),x 6 (u)) 

[x 5 (t),x w (u)] 

[x 7 (t),x s (m)] 



x s (-tu), 

xn(-tu), 

x 8 (-tu), 

xu(-tu), 

xu(-tu), 

xio(-tu), 

xi 2 (-tu), 

x\ 2 {tu) 



where di, . ■ ■ , d\ 2 £ F 9 . The multiplication of the elements of U is described by the 
commutator relations. The center Z{U) = X ai2 is elementary abelian of order q. 

2.3. Characters, induction and restriction. For any finite group H let Irr(iJ) 
be the set of complex irreducible characters of H and let (-,-)h or (•, •) be the usual 
scalar product on the space of class functions of H . Let 1h or 1 denote the trivial 
character of H . If % is a character of a subgroup Hi of H, then we write x H f° r the 
induced character, and if \ is a character of H , we write xl-ffi f° r the restriction of 
X to the subgroup Hi. 

Definition 2.1. Let H be a finite group. We say that \ £ Irr(i?) is almost faithful 



Note that if q is not prime, then the center Z(U) is not cyclic and in this case U 
does not have any faithful irreducible characters. The almost faithful irreducible 
characters of U arc in some sense closest to being faithful. 

For a field K let K x be its multiplicative group. In the whole paper, we fix a 
nontrivial linear character <j> of the group (F q , +). So for a <S $+ and s £ ¥ q , the 
map ip a ^ ■ X a — > C x , x a (d) 1— ► cj>(s-d) is a linear character of the root subgroup X a , 
and all irreducible characters of X a arise in this way. 



For each positive root a we construct q — 1 distinct irreducible characters of U ', 
called midafis, which play a fundamental role in the classification and construction 
of the irreducible characters of U in this paper. 

3.1. Hook subgroups. With each positive root a, we associate certain sets of 
positive roots and a certain subgroup of U which will be used to define the midairs. 

Definition 3.1. Let a £ be a positive root. 

(a) The set h a := {7 £ <I> + | there is 7' £ $ + U {0} such that 7 + 7' = a} C $ + 
is called the hook corresponding to a. 

(b) T/ie subgroup H a := IXye/i C [/ is called the hook subgroup of U 
corresponding to a. 

(c) We call 



ifZ(H)£ker( X ). 



3. Hook subgroups and midafis 



{{as, ctQ, aio, an} , i/ a = a 12 
the arm and \eg(h a ) := h a \ (arm(/i Q ) U {a}) the leg of the hook h, 
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Remark: (a) By the commutator relations, the hook subgroup H a does not depend 
on the order of the root subgroups in the product. 

(b) Also, the commutator relations imply that the each hook subgroup H a is a 
special p-group of type qr 1 + 2 *l le 8('*<»)| < 

Example: The hook subgroup 

ori2 — X a3 X a5 X aQ A ft7 A ag A ag X aiQ X ail X ai2 

is the unipotent radical of the maximal parabolic subgroup of G corresponding to 
the set {ai, «2, o-a} of simple roots. So, H ai2 is a normal subgroup of U. Using the 
notation from Subsection 2.1, we can picture H ai2 as follows: 

10 111 
110 ill Oil ill 121 



Oil 
1 

10 


110 


10 

3.2. Midafis. For positive roots a S we set V a := n 7 e$ + \iog(a) -^i- The 
midafis of U associated with a will be characters which are induced from V a . We 
are going to use the following lemma: 

Lemma 3.2. Let a G $ + and s € F g X. 

(a) The subset <& + \ leg(a) C $ is closed. 

(b) The set V a is a subgroup of U . 

(c) We have X a n [V a ,V a ] = {1}. 

(d) For each s£F ? x there is a linear X a s £ Irr(V a ) such that \ a<s \x a = fa.s 
and Xj C kcr(Ao, jS ) for all 7 G $+ with ht("f) > ht(a). 

Proof, (a) Suppose not. So there is (3 £ leg(a) and 7,7' E \ leg(a) such that 
[3 = 7 + 7'. But then 7 € leg(a) or 7' G leg(a), a contradiction. 

(b) follows from (a). 

(c) Suppose X a fl [Va,Vy 7^ {1}. The commutator relations imply that there are 
7, 7' G <f> + \ lcg(a) such that 7 + 7' = a. But then 7 G leg(a) or 7' G leg(a), which 
is a contradiction. 

(d) follows from (c). □ 

Definition 3.3. Let a be a positive root. We call the characters /J, a ,s '■= A„ s for 
s G the midafis of U associated with a. 

Proposition 3.4. Let a G be a positive root. The midafis ^i a ^ s for s G are 
q — 1 distinct irreducible characters of U and (J* a ,s\x a = /^a,s(l) ■ <^a,s- 

Proof. Note that for all 7 G with ht(7) > ht(a), we have X 1 C ker(A QjS ). So the 
statement about the restriction fj. a ,s\x a is clear by the commutator relations and 
the definition of induced characters, and from this we immediately get /i QjS 7^ /i Q;S ' 
for s / s' 6 F x . So we only have to show that [i a s is irreducible. 
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Let leg(a) = {a ll ,a l2 , . . . 
the commutator relations we get 



L } with lit^A > ht(aj 2 ) > • • > ht(ct; m ). From 



v a < x ai v a < x ai x a2 v a <-<\l[x aj )v a = u. 



Considering character values on A Q _ Qi we see that the inertia subgroup of A QjS 
in X ai V a is equal to V a . Hence by Clifford theory [7, Theorem (6.11)], the in- 

duced character A QiS 1 is irreducible. Similarly, considering character values on 

X a - ai we see that the inertia subgroup of X a , s 1 in X ai X ai V a is equal to 
X ai V a . Again, [7, Theorem (6.11)] implies the irreducibility of the induced charac- 

ter Act, s 1 2 • Continuing in this way, we get that fJb atS = s is irreducible. □ 

3.3. Hook subgroups for the group of upper triangular matrices. The 

notation of hooks, arms, legs and midairs is motivated by root systems of type A, 
that is, by the structure of the Sylow p-subgroups of GL„(F g ). The group U n (q) 
of all upper unitriangular matrices over ¥ q is a Sylow p-subgroup of GL n (F 9 ). The 
root system of GL„(F g ) with respect to the maximal torus of diagonal matrices has 
simple roots oil, ol<i, ■ ■ ■ , a n -i such that the nodes corresponding to on and ccj+i arc 
joined in the Dynkin diagram for i = 1, 2, . . . , n — 2. The positive roots are the 
roots oiij := on + ■ ■ ■ + ctj for all 1 < i < j < n — 1. The root subgroup X aij 
consists of the matrices I n + 1 ■ e-ij+i for t € ¥ q , where I n is the n x n-identity 
matrix and eij+i is the n x n-matrix with zero entries except a single entry 1 in 
position + 1). Hooks and hook subgroups can be defined for U n (q) in the same 
way as in Definition 3.1 (a), (b). For n = 8, the hooks subgroup corresponding to 
a2,g can be pictured as follows: 



/ 1 



V 



1 1 * * * 


* 




. . 1 . . 


* 




. . . 1 . 


* 




. . . . 1 


* 

1 


1 . 

. 1 



\ 



/ 



Associated with each positive root arc q — 1 irreducible characters of U n (q) 
which can be constructed in a way analogous to our midairs for type D^. The 
word midafi is an abbreviation for minimal degree almost faithful irreducible which 
comes from the fact that the midairs of U n (q) can be interpreted as almost faithful 
irreducible characters of minimal degree of suitable factor groups of U n [q)- For 
details, sec [11, Section 2.2]. 



4. Irreducible characters of U 

In this section, we describe a construction of all irreducible characters of U for 
all prime powers q. In particular, we obtain the number and the degrees of all 
irreducible characters of U . The main result is the following theorem. 

Theorem 4.1. For every prime power q the irreducible characters of U are given 
by Table 3. 
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We begin with some comments on Table 3. There are 17 families of irreducible 
characters of U and each row of Table 3 represents one of these families. The first 
column gives notation for these families of characters. Note that the family T% g d 10 
exists only for odd q, while FggiQ exists only if q is even. The second column 
of Table 3 gives notation for the irreducible characters in each family. The first 
one, two or three indices of this notation describe the positive roots ay of maximal 
height such that X a . is not contained in the kernel of the irreducible characters in 
the family. If there are two types of characters in the family, there is an additional 
index which describes the degree of the characters. The remaining indices are 
parameters which can take values from the parameter set in the third column. The 
fourth column lists the number of irreducible characters in the family and the last 
column gives their degrees. Note that we use a slightly different notation for the 
family of linear characters. 

Example: Family !F% constists of 2 types of characters. The characters Xs,(j 3 ,ai,a, i 
where oi, a 2 vary over F* , are (q — l) 2 distinct irreducible characters of degree q 3 , 
and the characters Xs,q 2 ,a.b 1 ,b 2 > where a varies over F* and bi, 62 vary over F 9 , are 
q 2 (q — 1) distinct irreducible characters of U of degree q 2 . Furthermore, one has 

X a9 X a 1Q X ail X ai2 C ker(x8,<} 3 ,a 1 ,a2 ),ker(x8, g 2,o > 6 1 ,6 2 ) and X a8 % ker^s,^,^) 
and X a8 % ker(x8,5 a ,a,6i,6 a )- 

4.1. Proof of Theorem 4.1. We describe the definition and construction of the 
irreducible characters in each family. Our main tools will be the midafis, Clifford 
theory and the commutator relations. 

The irreducible characters in family Tyi- In this subsection we describe the 
construction of the irreducible characters in family Tyi which is the family of the 
almost faithful irreducible characters of U. 

We have already seen in Subsection 3.1 that the hook subgroup H ai2 is normal 
in U. Since H ai2 is a special p-group of type <? 1+8 , it has has q s linear characters 
and q — 1 irreducible characters of degree q 4 . We have X ai2 <£. ker(/i Ql2jS ) and 
fJ-a 12 ,s\x ai2 7^ ^a 12 ,s'\x ai2 for all s 7^ s' £ ¥q ■ So the restrictions of the midafis 
fJ-a 12 ,s are exactly the nonlinear irreducible characters of H ai2 . In particular, each 
nonlinear irreducible character of H ai2 extends to U. 

By Clifford theory, the almost faithful irreducible characters of U are those lying 
over the nonlinear irreducible characters of H ai2 . The factor group U/H ai2 is 
isomorphic to X ai x X a2 x X ai = ¥ q x ¥ q x ¥ q . So by Gallagher's theorem [7, 
Corollary (6.17)], there are q 3 (q — 1) almost faithful irreducible characters of U. 
They all have degree q and can be parametrized by a G F* (parametrizing the 
midafi) and 61,62,63 G ¥ q (parametrizing the irreducible characters of U/H ai2 ). 
This proves all statements about the family .F12 in Table 3. 

The irreducible characters in family T\\. The characters in family T\\ are 
the irreducible characters x of U such that X ai2 C ker(x) and X ail % ker(x). We 
are going to work in the factor group U := U/Z(U) = U/X ai2 . By the commutator 
relations, we have the following subnormal series: 

12 

{!}<Hn :=H ail X ai2 /X ai2 <N n :=\{X a jX ai2 <U, 

i = l 
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Table 3. Irreducible characters of U . 



Family 


Notation 


Parameter set 


Number 


Degree 




Xl2,o,6i,6 2 ,6 3 


F x x ¥ q x F, x F, 


g 3 (<z-i) 




T~ 


Xll, a, 61,62,63,64 


TV? X . , TTT* . . TV? . . TV? . . IT? 

lb* X lb g X ff q X ff q X It g 


q {q - 1) 


3 

q 


■jrodd 
-^8,9,10 


X8, 9, 10, 01,02, 03,6 


IF* x F x x F x x F q 


q(q - I) 3 


q 3 


Teven 
•^8,9,10 


X8, 9, 10, g 3 , a 1,02,03 

y 3 
8,9,10,-^-,x,ai,a2,a3,a4 


F x x F x x F x 

Z 4 x F* x F x x F x x F x 


(q -i) 3 
4(g-l) 4 


q 3 

2 




X8, 9, g 3 , 01,02,03 
X8,9,<3 ,2 ,a 1 ,a 2 ,6i ,6 2 


F x x F x x F x 

F x x F x xF,xF, 


(q -i) 3 

g 2 (g-l) 2 


9 3 

9 2 




X8, 10, g 3 , 01,02,03 
X8,10,g 2 ,ai ,a 2 ,6i ,62 


F x x F x x F x 

F* x F x xF,x F q 


(q-1) 3 

<? 2 (?-i) 2 


q 3 
q 2 


•^940 


X9,10,g 3 ,ai ,02,03 
X9,10,g 2 ,ai ,a 2 ,6i ,62 


F x x F x x F x 

IS! q X IP q X IP q X IF g 


(g -l) 3 

q (q — J-j 


q 3 

n 2 

q 


-^8 


X8,g 3 , 01,02 
X8,g 2 ,ai ,61 ,62 


JPg X IP Q 

F* xF,xF, 


f/r 1 "l 2 

w _ ^ 


q 

q 2 


^9 


X9,g 3 ,ai,a 2 
X9,g 2 , 01,61,62 


F* x F x 

F* x F q x F, 


(g - l) 2 


q 3 
q 2 


Fio 


Xl0,g 3 ,01 ,o 2 
Xl0,g 2 , 01,61,62 


F* x F x 
lb* x lb 9 x lb g 


(q -i) 2 
3 (g - 1) 


q 3 
2 

q 


•^5,6,7 


X5, 6, 7, 01,02, 03, 61 ,62 


F* x F x x F x xF,x F q 


g 2 (g-i) 3 


q 


•7"5,6 


X5, 6, 01,02,61,62 


F x x F x x F q x F q 


g 2 ( 9 -l) 2 


q 


^6,7 


X5, 7, 01,02,61,62 


F x x F x x F q x F, 


g 2 (9-i) 2 


q 


•7"6,7 


X6, 7, 01,02,61,62 


F x x F x xF,xF, 


g 2 (g-l) 2 


q 




X5,a,6i ,62 


F x xF,xF, 


q 2 {q-i) 


q 




X6,a,6i ,6 2 


F x xF,xF, 


q 2 {q-i) 


q 




X7,o,6i,6 2 


F x X Fq X Fq 


q 2 (q-l) 


q 




X/m,6i ,62,63,64 


F,xF,x F g x Fq 


q 4 


1 



where -/Vn does not depend on the order of the root subgroups in the product. 
Furthermore, H\\ = H ail is a special p-group of type q 1+e , the factor group 
Nii/Hn = X a5 x X a& x X ar is elementary abelian of order q 3 and U/Nn = X a3 
is elementary abelian of order q. 

First, we construct all i(j £ Irr(TVii) with X ail X ai2 /X ai2 % kei(tp). Since Hu is 
special of type q 1+6 , it has q 6 linear characters and q — 1 almost faithful irreducible 
characters of degree q 3 . For each s £ F* , one has X ai2 C kei-([j, ailtS ). Hence we 
can identify the midair ^ ail .s with an irreducible character of U, which we also 
denote by fJ, ail ,s- Since deg(/x a n,s) = q 3 and X ail % ker(p ail:S ), the restriction 
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of fJ- ail .s to H\\ is irreducible. Thus, also ^a 11 .s\jj 11 is irreducible and each al- 
most faithful irreducible character of Hu extends to Nu. Gallagher's theorem [7, 
Corollary (6.17)] applied to Hu < Nu implies that each almost faithful irreducible 
character of Hu extends to Nu in q 3 ways. Hence there are q 3 (q — 1) irreducible 
characters of Nu such that X ail X ai2 / X ai2 is not contained in their kernel, these 
characters have degree q 3 and can be parametrized by ipaMMM where aGF g x and 

he¥ q . 

Next, we show that each ^0,61,62,63 extends to U. Since X aa ■ Yii>5 X ai /X ai2 is 
a normal abelian subgroup of U of index q 3 , we can conclude from Ito's theorem 
[7, Theorem (6.15)] that the degrees of all irreducible characters of U divide q 3 . So 
from Clifford theory and Gallagher's theorem applied to Nu < U it follows that 
each ^0,61,62,63 extends to U in q ways. We denote these extensions by ^0,61,62,63,64- 
Inflating ^0,61,62,63,64 to U, we get the q (q — 1) irreducible characters Xa, 61, 62, 63, 64 
of degree q 3 of U. 

The irreducible characters in family jFgg 10 . We assume that q is odd. The 
characters in -Fg 9^10 are ^ ne irreducible characters \ of U such that X ai C ker(x) 
for i = 11, 12 and X aj % ker(yj for j = 8, 9, 10. We are going to work in the factor 
group U := U/X ail X Ql2 . Note that U is a semidirect product U = K k A of the 
elementary abelian groups 

if = X ai X a2 X a4 and A := X a3 ■ 'Y[X ai /X ail X ai2 . 

i>5 

We consider the action of X ai X a2 X ai on Irr(^4) by conjugation. For field elements 
x, a, b, c, d,e, f £ F g we define a linear character A x ,o,6,c,rf,e,/ S Irr(A) by 

M^^s^s)^^) • ■ ■x w (di )X ail X a:L2 4>{x ■ d 3 + a ■ d 5 + b ■ d 6 ^ h / • dio), 

where <j> is a nontrivial linear character of (F g ,+) as in Subsection 2.3. We claim 
that 

(1) {A xA o,o,d,e,/|a;eF ,(i,e,/eF 9 x } 

is a set of representatives for the action of X ai X a2 X a4 on the set A S Irr(A) such 
that A|x Q . is nontrivial for i = 8, 9, 10. From the commutator relations we obtain 

*i(r)*2«X4(*) (x 3 (d 3 )x 5 (d 5 )--- x 10 (d 10 )) = x 3 (d 3 )x 5 (d 5 +rd 3 ) 

■xe{de + sd 3 )x7(dr - td 3 ) 

(2) -Xa(ck - sd 5 - rd 6 - rsd 3 ) 

■xg(dg — tds + rd? — rtd 3 ) 
•x w (dw - td e + sd 7 - std 3 ). 

So, (A M ,o,o,<i,e,/) Xl(r) * 2Wx4(t) = Ax',o,o,o,«I', e ',/' if and only if 



4>{x'd 3 + d'd 3 + e'd 9 + f'd w ) 



4>{{x — drs — ert — fst)d 3 
+(-ds - et)d 5 + {-dr - ft)d 6 
+ (er + fs)d7 + dd s + edg + fdw) 
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for all di G F g . Thus, if (A K)0 ,o,0,d,e,/)* l(r) * 2(s)a:4(t) = A x ,, ,o,o,d',e<,/' then the coeffi- 
cients of d$, de, . . . , dw imply d' = d,e' = e, f = f and 

d 




The determinant of the coefficient matrix of this system of linear equations is 2def. 
Since q is odd, we conclude r = s = t = and so x' = x. So, (1) is indeed a set 
of representatives and Stab^(A Xi o,o,o,d,e,/) = {!}• By Clifford theory, the induced 
characters ^01,02,03,6 : ~ A^g m a 2 a 3 are Q(Q ~ -0 3 distinct irreducible characters 
of U. By inflation, we obtain xs, 9, 10,01, 02, 03, 6 G Irr([7) of degree q 3 of J7. 

The irreducible characters in family Fg v gi . We assume that q is even. The 
characters in J-§ l g" are the irreducible characters x of £/ such that X ai C ker(x) 
for i = 11, 12 and X Qj £ ker(x) for j = 8, 9, 10. Again, we are going to work in the 
factor group U := U/X ail X ai2 . We define subgroups K = X ai X a2 X a4 and A of U 
in the same way as for odd q and obtain the decomposition U = K xA. We consider 
the conjugation action of X ai X a2 X ai on the set of irreducible characters of the 
elementary abelian normal subgroup A. As for odd q, we define linear characters 
K,a,b,c,d,ej G Irr(A) by 

x 3 (d 3 )x 5 (d 5 )x G (d & ) ■ ■ -x w (d w )X ail X ai2 1-^ (f>(x ■ d 3 + a ■ d 5 + b ■ d 6 ^ h / • dio), 

where is a nontrivial linear character of (F q ,+) and x, a, b, c, d, e, / G F . If 
cde/ 7^ 0, then { defz 2 + cdz\ z G F g } is a subgroup of (F g , +) of index 2. Choose 
t c ,d,e,f G F g \ { defz 2 + cdz\ z G ¥ q }. We claim that 

(3) {A ,o,o,o,d,e,/ I d, e, / G F* } U {A x , ,o,c,d,e,/ | x G {0, i c ,d,e,/}, c, d,e,/£F, x } 

is a set of representatives for the action of X ai X a2 X ai on the set A G Irr(A) such 
that X\x a . is nontrivial for i = 8,9,10. From (2), interpreted in characteristic 2, 
we see that (Ao,o,o,o,d, e ,/) 3!l(r)x2(s)s4(t) = A ,o,o,o,d,e,/ implies 
4>(dds + ed 9 + fdio) = 4>((drs + ert + fst)d 3 

+(ds + et)d 5 + (dr + ft)d 6 

+ (er + fs)d 7 + dd 8 + ed 9 + fd w ) 

for all dt G F q . Thus, if (A 0l o,o,o,d, e ,/) xl(r)ai,W * 4(t) = A 0)0 ,o,o,d,e,/ then the coeffi- 
cients of d 3 , d$, d&, . . . , dio imply r = s = t = and so Stab^(Ao,o,o,o,d,e,/) = {!}• 

Now, suppose {\ x ,o,o,c,d,ej) Xl( > r)x2( ' s)xi( - t) = K',o,o,c',d', e ',f where x G ¥ q and 
c, c', d, d', e, e', /, /' G F* . From (2) we see that 

(\ \xi(r)x 2 {s)x i {t) _ % 

\^x,0,0,c,d,e,f ) — Ax'fi,0,c',d',e'J' 

if and only if 

(j)(x'd 3 + c'd 7 + d'd 8 + e'dg + f'd 10 ) = </>((x + ct + drs + ert + fst)d 3 

+ {ds + et)d 5 + (dr + ft)d 6 
+(c + er + fs)dr + dd$ + edg + fd w ) 

for all d t G F,. So (\ x ,o,o,c A ej) Xl{r)X2{sMt) = V.o.o.c.d'.e',/' if and only if d= d', 
e = e', f = f, c = c\r= tt, s = ft and x 1 = x + ct + ^t 2 . It follows that (3) is 
indeed a set of representatives and | Stab^A^oA^d.e,/)! = 2. By Clifford theory, 
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the induced characters ip ai ,a 2 .a 3 '■= Ago 0,0 oi a 2 a s are (l ~ I) 3 distinct irreducible 
characters of degree q 3 of U. Furthermore, each \ x .o,o.c.d,e.f extends in two ways to 
its inertia subgroup and by inducing to U we obtain 4(g — l) 4 irreducible characters 

^,01,02,03,04 01 degree \ of U. By inflation, we obtain X8,9,io,q 3 , ai ,a 2 ,a 3 G Irr([7) 
of degree o 3 of [/ and v .3 of degree of [/. 

8, 9, 10, ai,a 2 ,a 3 ,a4 ^ 

The irreducible characters in families .7-8,9, ■T's.io? -7-9, 10- The characters 
in family .7-8,9 are those x G Irr(/7) such that X ai C ker(x) for j = 10,11,12 
and X Qj ^ ker(x) for j = 8,9. We are going to work in the factor group U := 
U / X ai0 X ail X ai2 . By the commutator relations, the group 

N\o := H as JJ[ X ai /X Ql0 X ail X ai2 

i>9 

is a normal subgroup of U and we have 

N10 = H as x X Q9 and U/N w = H ar , 

where H ar , H a& are special p-groups of type q 1+2 and (? 1+4 , respectively. So Nio 
has (q — l) 2 almost faithful irreducible characters and they have degree q 2 . We 
claim that all of them extend to U. Consider the subgroup 

12 

K10 '■= ] [ X ai /X ai0 X ail X ai2 

i=l 

Ml, 5 

of U of index q 2 and let a 1, 02 6F X . SillCC i^lO — ^Q2^C*3^a4^a 6 -i\ a7 * -^c*8 ^ 

there is a linear character A Ql . a2 of Kiq such that 

Aoi,o 2 |x clg = Pag,/!! and A ai! a 2 |x Qg = Vq9,q2 

(here and in the following we identify the root subgroups with their images in U). 
The induced characters A^ a2 have degree q 2 and are irreducible, because they 
restrict irrcducibly to H ag . Hence they are extensions of the almost faithful ir- 
reducible characters of N±q. Applying Gallagher's theorem to Nio < U, we ob- 
tain (q — l) 3 almost faithful irreducible characters ^8,9 g 3 oi 02 03 of degree q 3 and 
q 2 (q — l) 2 almost faithful irreducible characters V'8,9,g 2 ,oi,o 2 ,& 1 ,& 2 of degree q 2 of U, 
where ai G F* and bi G ¥ q . By inflation, we obtain the irreducible characters 
X8,9, 9 3 , 01,02,03 and X8,9,g 2 ,ai,a 2 ,f>i,&2 01 u - Tnis completes the construction of the 
irreducible characters in the family .7-8,9. 

The characters in the family J-s.io arc those x G Irr(£7) such that X ai C ker(x) 
for i = 9, 11, 12 and X a . % ker(x) for j = 8, 10, and the characters in the family 
.7-9,10 are those x G Irr(J7) such that X ai C ker(x) for i = 8, 11, 12 and X aj % ker(x) 
for j = 9, 10. The definition and construction of the irreducible characters in these 
two families are analogous to the definition and construction of the irreducible 
characters in -7-8,9. 

The irreducible characters in families Tg, To,, T\$. The characters in family 
J~s are those x G Irr([/) such that X ai C ker(x) for i = 9, 10, 11, 12 and X a& % 
ker(x)- We are going to work in the factor group U := U/X ag X aw X ail X ai2 . By 
the commutator relations, the group 

■^9,10 '■= H as Y\ X ai / X ag X aw X ail X ai2 

i>9 
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is a normal subgroup of U and U/Nq^q = H a7 . Since Ng t io is special of type 
g 1+4 , it has q — 1 almost faithful irreducible characters and they have degree q 2 
and the midafis fi ag _ a ^ a € F ? x , are extensions of these almost faithful characters 
to U. Now, Gallagher's theorem applied to Nq^q < U gives us (q — l) 2 almost 
faithful irreducible characters ips,q 3 . ai .a 2 01 degree q 3 and q 2 (q — 1) almost faithful 
irreducible characters tps,q 2 ,a,b u b 2 of degree q 2 of U, where a,a,i G F* and hi G ¥ q . 
By inflation, we obtain the irreducible characters X8,<j 3 ,ai,a 2 an d Xs,q 2 .a,b 1 .b 2 

of U. 

This completes the construction of the irreducible characters in the family !Fg, . 

The characters in the family JT 9 arc those x 6 Irr({/) such that X ai C ker(x) for 
i = 8, 10, 11, 12 and X ag % ker(x), and the characters in the family T\q are those 
X G Irr(J7) such that X a% C kcr(x) for i = 8,9,11,12 and X ai0 % kcr(x)- The 
definition and construction of the irreducible characters in these two families are 
analogous to the definition and construction of the irreducible characters in J-g. 

The irreducible characters in family ^5,6,7- The characters in -7-5,6,7 are those 
X G Irr([7) such that X ai C ker(x) for i = 8,9, ...,12 and X aj % ker(x) for 
j = 5,6,7. We are going to work in the factor group U := U/Y\ i>s X ai . By the 
commutator relations, the group 
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1V 5 , 6 , 7 := [] X a jY[X m 

is a normal subgroup of U and we have 

¥5,6,7 = H a5 x X a6 x X a7 and TJ/N 5 , 6 ,7 = X ao _ x X ai , 

where H a& is a special p-group of type q 1+2 . Hence there are (q — l) 3 almost faithful 
irreducible characters of N^^j such that X a5 , X a6 , X a7 are not contained in their 
kernel, these characters have degree q and can be parametrized by ip ai 02 03 where 
en GF*. 

We show that each ip ai ,a 2 ,a 3 extends to U: Since X ai X a2 ■ Yii>4 ^a,/ EL>8 X ai 
is a normal abelian subgroup of U of index q, we can conclude from Ito's theorem [7, 
Theorem (6.15)] that the degrees of all irreducible characters of U divide q. So from 
Clifford theory and Gallagher's theorem applied to -/V5.6.7 < U it follows that each 
^01,02,03 extends to ?7 in g 2 ways. We denote these extensions by ip ai ,a 2 ,a 3 ,bi,b 2 
where aj G F* and 6j G F 9 . Inflating ^p ai ,a 2 ,a 3 .b u b 2 to {/, we get the q 2 (q — l) 3 
irreducible characters Xai, a 2 ,a 3 ,b 1 ,b 2 of degree q of £/. 

The irreducible characters in family J-5,6, ^5,7, ^6,7- The characters in ^5,6 
are those x G Irr(C7) such that X ai C ker(x) for i > 7 and X aj <2 ker(x) for j = 5, 6. 
Let U, ^5,6,7 be the groups defined in the construction of the irreducible characters 
in the family ^5,6,7- The group ^5.6,7 — H as x X a6 x X ar has (q — l) 2 irreducible 
characters such that X a? is contained in their kernel and X a5 , X ae are not contained 
in their kernel, these characters have degree q and can be parametrized by ip ai ,a 2 
where 01,02 G F*. Using Gallagher's theorem in the same way as for J-5,e,7 we 
see that each ip ai ,a 2 extends to U in q 2 ways leading to the irreducible characters 
Xoi,02,6i,6 2 01 degree q of U. 

The characters in the family ^5,7 are those x € Irr([/) such that X Qi C ker(x) 
for i = 6,8, 9, 10, 11, 12 and X aj <2 kcr(x) for j = 5, 7, and the characters in the 
family ^6,7 are those x G Irr(C/) such that X ai C ker(x) for i = 5,8,9,10,11,12 
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and X aj <2 ker(x) for j = 6, 7. The definition and construction of the irreducible 
characters in these two families are analogous to the definition and construction of 
the irreducible characters in J~5.e- 

The irreducible characters in families JT 5 , JF 6 , T-j. The characters in T§ are 
those x G Irr({7) such that X ai C ker(x) for i > 6 and X as $2 ker(%). Let U, iVs 6 7 
be the groups defined in the construction of the irreducible characters in the family 
•^5,6,7- The group ^5^,7 — H a5 x X ae x X Q . has q — 1 irreducible characters such 
that X ae and X a7 are contained in their kernel and X a5 is not contained in their 
kernel, these characters have degree q and can be parametrized by ip a where a € F* . 
Using Gallagher's theorem in the same way as for -7-5,6,7 we see that each ip ai ,a 2 
extends to U in q 2 ways leading to the irreducible characters Xa,b lt b 2 °f degree q 



The characters in the family T§ are those \ € Irr(£7) such that X ai C ker(x) 
for i = 5,7,8,9,10,11,12 and X a6 $2 ker(x), and the characters in the family 
T7 are those x £ Irr(Z7) such that X ai C ker(x) for i = 5,6,8,9,10,11,12 and 
J a , ^ ker(x)- The definition and construction of the irreducible characters in 
these two families are analogous to the definition and construction of the irreducible 
characters in T^. 

The irreducible characters in family Tu n . We have 



and so the statements about the linear characters of U are clear. This completes 



4.2. Numbers and degrees of irreducible characters. We see from Table 3 
that for odd q the degrees of the irreducible characters of U are powers of q. So U 
is a g-power-degree group in the sense of [8] . This observation is a special case of a 
general theorem of B. Szegedy on the Sylow p-subgroups of classical groups defined 
over finite fields of of good characteristic p, see [10, Theorem 2]. 

The subgroup U n (q) of Gh n (¥ q ) consisting of all upper unitriangular matrices 
is a Sylow p-subgroup of GL„(F g ). A conjecture of G. Higman [6] states that the 
number of conjagacy classes of U n (q) is given by a polynomial in q with integer co- 
efficients. I.M. Isaacs proved that the degrees of the irreducible characters of U n (q) 
are of the form q e , < e < /u(n) where the upper bound n(n) depends on n and is 
known explicitly. G. Lchrer [9] conjectured that the number N n ^ e {q) of irreducible 
characters of U n {q) of degree q e are given by a polynomial in q with integer coef- 
ficients. I.M. Isaacs suggested a strengthened form of Lehrer's conjecture stating 
that N n ^ e (q) is given by a polynomial in q — 1 with nonnegative integer coefficients. 
Obviously, Isaac's conjecture implies Higman's and Lehrer's conjectures. 

From Table 3, we can derive that an analogue of Isaac's conjecture holds for the 
Sylow p-subgroup U of the Chevalley groups of type D4, even in bad characteristic. 

Corollary 4.2. The degrees of the irreducible characters ofU are given by Table 4- 
In particular, the number of conjugacy classes of U is 



ofU. 



U/[U, U] S X ai x X a2 x X a3 x X ai = 



the proof of Theorem 4.1. 



□ 




Proof. This follows from Theorem 4.1. 



□ 
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Table 4. Numbers and degrees of the irreducible characters of U. 
The numbers of the irreducible characters are given as polynomials 
in v = q — 1. 



Degree 


Number of irreducible characters 


Comments 


q 4 


v A + 3v 3 + 3v 2 + v 




q 3 


v 5 + 5v A + 10v 3 + 7v 2 + v 
v 5 + Av A + 10v 3 + 7v 2 + v 


if q is odd 
if q is even 


i 3 

2 


4v 4 


only if q is even 




3v 4 + 9v 3 + 9v 2 + 3v 




q 


v 5 + 5v 4 + 10v 3 + 9v 2 + 3v 




l 


w 4 + 4v 3 + 6v 2 + Av + 1 





For odd prime powers q the number of conjugacy classes of U was already com- 
puted by S.M. Goodwin and G. Rohrle [5, Table 1]. 
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